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1. i)efinltion of the ~roblem. 

There are two  general t 'neories of the linear relaxation phenomena that 

~ a k e  it possible '4 descrfbe the relaxatior. $mmner,a k~tk-out gettine ir-volveb 

in the mclecdar m,echni.sms. 

assumes the existence o f  internal trvisfomations only, without requiring 

any more detailed specifications thereof. 

of  the irreversible pmeesses; far that reason, it is able consis tent ly  t0 

take into consideration n o t  orJy t h e  various conditions under which a relaxa- 

t i o n  pmcess can +ake place  adiabatically or is3tk..emical'Ly, with constant 

pmsS;Lm or constant volme,  with constant e i s e t r i c  fz leld Internsity or con- 

s t a n i  electrical sh i f t  density,  etc, - b a t  also to establish connee5ons Se- 

One of  them is the t h e r n o ~ m a x f c  theory which 

Their basis is the thermodynamics 

+..-e= rwJGlr t h e  relaxation t i m s s  o r  relaxatior, spectra t h a t  are valid f o r  the. 

various conditions. 

nomena is still more general and, thereby, a t  the same tfme more formal than 

the thermodynamic theory: it is essentially based on two theorems: 1. The 

effect  cannot precede the caase, 2, The superposition principle applies to 

several independent c m s e s  and t h s i r  effects, This ;-mat generality of the  

conditions nakes it Lqmssfble any longer %o arrive at coaclusions reg;ar?ing 

the co?.nec+ien of the relaxatfon ~racessss  t h a t  take their course urider dif-  

ferent  conditions. 

The t h e o q  D f  the af ter-ef fect  o f  the relaxation phe- 

Eeyond thLs, I t s  fom.nfi,m coqrises  processes that are 



not contained any longer i n  the ttremcjc3ynamic theory. d 

Besfdes this thocryy, we a3.w hw3  e kinetic theory o f  the reiaxation 

phenomna (Kronig (1);; ?xt It i s  so cfosely r e l a t e d  to t he  thernrodynadc 

theory t h a t  we shall n o t  have to make any dts t inc t ion  between them, w i t h i n  

the fraaework o f  the following considerations. 

It i s  the  purpose of the following explanations t o  clarify t he  themo- 

dynamic theorg of the relaxation phenomena f o r  one in te rna l  mechanism as 

w e l l  a s  for  a finite and infinite m b e r  of  such mechanisns, to indicate  a 

series of general laws, and to discuss the dynmic equations crf stat.@ t?et 

will  JOT,^ %:.to existeme by t he  e l k i n z t i o n  of t h e  internal  parmeters. 

From this point,  there  i s  8 direct  bridge leading tu the  a f te r -e f fec t  theor . -  

of t h e  relaxation phenomena, whlch also enables us tcr see precisely,  where 

the  equivalence o f  the two thee-ies ends. 

shall be able +a look f o r  a way leading to a generalieation of the  thermo- 

dynamics o f  i r revers ib le  processes that is equivalent t o  the formalism of 

t'ne t heo ry  of a f te r -e f fec ts  in a 31om conprehensive area, and that renders 

it preciss. 

Star t ing  from this point, we 

By way ~f conpiexentatien, we shall point o u t  an exmqle of the di- 

d e c t r i c  relaxation and tke eannectio2 between t h e  themw?pamic rela-xstim 

theory of a sgstem having an in f in i t e  number o f  internal transformations and 

its linearized basic kine t ic  equation. 

In a l l  our considerations, we s h a l l  a s m e  t h a t  the deviations from 

the  thermodynamic equilibrium w i l l  always be suf f ic ien t ly  small; t h a t  means, 

on t h e  one hand, t h a t  the themadyriamics of  the  i r r eve r s ib l e  p r o c e s s e s  are 

applicab'fe, and on the other  hmd, thst the siperposlt ion principle  is val id .  

We shall then - a s  we already have done a t  t h e  outset - speak of l inear re- 

faxat ion phenomena. i 
i 
i 

#oreover, XB shall consider here only homogeneous systems 
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and their  reaction to cutsids effects, brit wfthout anjr pmnowiced %ransport 

?henornena. Wen though the cansi4eralisns and results wili be presented in 

the langxage of mechanfcsl relaxation, they can nevertheless be applied ana- 

logously to all other relaxation phenomena provided they have been translated 

correctly . 
2. Theraohaaiic systems h a m  one internal transfennation. 

We shall  consider a system within which one internal. transformation i s  

possible; t h i s  transformation Ray be, e,g., B chemical reaction in the t m e  

meaning of the term, a transition betueen various s t a t e s  of a moleczlle, or 

~ r .  -2nternd. rea r rageaen t .  

be described, psrha?s, by t h e  fndicatfon of the telripemture T, of t h e  q e c i f i e  

The thelz?o?yxwAe stzte of t?Ls sys ter !  w i i i  t h e n  

volume an3 of an internal variable 5 ,  T h i s  variable m y  be, e.g. the vari- 

able mber of the reaction of the internal transformation or the concentra- 

tion o f  a coqonent taking part in the transformation or  the internal tempera- 

ture T t ,  in the usual sense. 

depends on T and v: we shal l  then Write that f = s(T,v), 

t h e  i n t e r n a l  tenperatme of Ti,  then thg concEtion ~f equilibrium will sh$y 

it i s  possible also 50 choose other pairs af variables  instead ue -.  = T, 

of T and v; e.g. ,  T, p o r  s, v, or 5 ,  p,  where s denotes t he  entropy and p 

h the case of a thennodynamic equilibrium, 5 

%hen 5 rep.iser,ts 
- 

- ~ r n  

1 

The reaction velocity e / d t  may be considered - at least, in the case of 

the mall deviations from the eqxllibrium, that -we shal l  have to consider 

here - a function of the state prevailkg a t  the time t; then, we shall be 

able to write (2) 

d:  - = 8 (T ,  @, S) . -4 (T, @, 5 ) .  
d f  

3 
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' R(T,-r,C) is the  affinity as understood i n  t h e  nsar,ing of de Donder, i n  the 

s t a t e  T, v, f ,  and a s  defined by Gibbs' e q i a t t o n  f o r  t he  d i f f e ren t i a l  of  t h e  

it is, therefore,  the confugated value fo r  5 .  In  the equilfbrium, the af- 

finity will disappear: according to [l]* 4 / d t  will also disappear, a t  the 

same t b e  - of necessity.  

deterrained by the coefficient e(T,v , f ) .  

small deviations from the equi l ibr im,  it w i l l  be suf f ic ien t ,  to substl tcte 

the value of the  ewilibriun, f(T,v! f o r  S in 5 CT, VI, i, e. , "vo consider e 

Otherwise, the transformation velocity will be 

Since we sha l l  l i m i t  ourselves to 

- 

solely as a function of T and v or, when we select other independent va?i- 

ables s, v, as I function of s and v, etc. I n  doing so, we shall neglect 

2 the tenus i n  [lf t h a t  are proportionate to A ' 

Verg m a l l  catalyzing o r  de-catalyzing additions to our system will 

prac t ica l ly  leave i tsthemodyrmiic properties unaffected; but, they may have 

a considerable e f f e c t  on the transformation velocity. For that reason, the:: 

h-* -I 7 t~ taken in to  account s'imply by a s s m i n g  t h a t  E will depend a l sg  on 

t h e i r  q3ar-h: ty. 

The velocity a t  which a disturbmee of theeqailfhr',tLa d i e s  down, is 

given by [l]; it depends on the conditions o f  the relaxation process. 

e.g. , T and v are  retained then it w i l l  follow from [l], by developing for 

powers of s - C(T,v) due tu A(T,v,C(T,v)) = 0 that there  w i l l  be 

When, 



S is an iniegratlon constant, the  valus of  which Thdicates the i n i t l a l  dsvia-  

tion f r o m  the equilibrium: 7% is the  relaxation tinis, when T and P are COR- 

stant. 

On the other hand, when s and v are constant during the relaxation pm- 

cess, then we 

we sha l l  ther! 

shall f ind  it helpfui to select s and v as tndepefident variables; 

obtair, from [I.], by analogy, 

Row, c(s,v> uill be constant (but n o t  C(T,v)* since t h e  teqeraixrs may change 

-inrler the condition of constant entropy which i s  present 9x1 this case) ,  and 

it follows, wfth an integration constant C, t h a t  

when now 

i73 

will tie the rgfaxa t ion  t b e  whsn s and v are constant .  The r e l a t ion  of these 

two re’iaxa-tisn times w i l l  not contain tine value o f  s t h a t  determines the  

velocity, and i s  therefore a purely themodynanic value. The inequality ( 2 )  

w i l l  follcw f r o m  general. themudpmie considerations. 

KW. te v a l i d  o n l y  when (dt/oA4) 

when t he  psit iout  o f  t h e  eqAlibr imi  4ses mt depend on t h e  temperakm,  

while t h e  vol.me is being retained, 

The sign of  g q a l i t y  

= ( d : ’ c L l ) ~ , ~  , an6 thereby ( ? t / d ! Z ’ ) - 4 , n  = 0 :  5 .  e. , 



T% In an analogsus manner, we shall  define the relaxation times $:p. 

f o r  the r d a x a t i o n  when s, F or T, are constant; we sha l l  then abtaLn the 

which - j i s t  as  (T9f - are closely linked with t h e  principle o f  le Chatelier- 

Braun. Then and only then 

when 

when 

when 

(2) =o. 
T r C = 7 T p  dl83 C t '  T , A  

Tan = T T ~  = Tsp  = T T ~  when f is not  3ependent on T and v in t h e  

sl,ata cf eqcilibFilun. 

We shall attempt, by using the case of  193, to mnder these i n e q u a l i t i e s  

c lear ly  evident. 

r o t z t i o n a l  temperature o f  T. 

excited level o f  o s c i l l a t i o n  (which is the  s ~ L y  one k e k g  considered here )  is 

largey than it wo*dd be in accordance with the  Boltrrrsriln f ac t c r  ~ Q P  the tempera- 

t u re  T, 

Ti > T ,  which i s  defined as the  system temperature, at which t h e  assumed oc- 

cupation of the level of  o s c i l l a t i o n  would be i n  a s t a t e  of thermodynamic 

equilibrium with t ranslat ion and rotation. 

laxation process will require a cooling fro= the i n i t i a l .  value Ti nf the i n t e r -  

na l  temperature dawn t~ ?', 

ckr tng  the rolaxat lan - p ~ a c e s s  (transnlssiorr o f  energy from the Zegree of free- 

dom of tho o s c i l l a t t a n  into the  degrees c.f freedom o f  the t r a n s l a t i o n  and 

We shall consider a mol9c.lar; gas with a t r a n s l a t i o n a l  and 

We shall a s m e  t h a t  the occupation of the f i rs t  

We shall select as t h e  in t e rna l  parameter 5 ,  and internal temperatwe 

When T, v are  constznt,  t h e  re- 

But, when we r e t a b  s and v, then T wlil inmeas2 

6 



t n e  L : t c . , ~ ~ ~ a l  t,empera:,ure thar; 

I t  w i l l  be r!ter&natedf7 mar3 r a p i a y .  

3. The h a m i c  eauation af stste,  

T, v B T ~  fix&, and tinat .. aceDrdir.g’iy 

While we have considered the Equation [I], up to this point,  only fo r  

those candftions, under which two independent variables will be retained, we 

sha l l  now ~ssuma a t  random t h e  dependence for t w o  independent varsablee;, but 

with the r e s t f i c t i o n  that no large deviations frare a fixed state  of reference 

of To’ vg, S wtth 5 = ?(To,vo) vKS 0cc.x. ‘ 4 ~  shall  lrse - 5:esidss _*_ rt 1 - the 
0 0 

ecpatfan of s t a t e  

which we shal l  use  also in the form of p = p ( s ,  v, S ) e t c . ,  depending on QUF 

requimments. 

are known, [I] end fll] nay be used t a  find the other values, v i e .  p,  T, v, 5 .  

WRen we elininate f ,  B refatior between p,T,v and t h e i r  time derivatkms ui3.l 

remain; we shall calf it the 13_mmic equation of  stat2 %E a differeritid- fern. 

Since we have assuned that two of the independent varj_atjles 

C l  7 Ir. the environs of t h e  statu. af referenzs To,  v 5 Ll; and [lli will 
0’ 0 

read a s  fo l lows  when we m g l e c t  t he  kigher  terns of  the developcent: 

when p, = p(T , vo* s o ) .  
the  s t a t e  af refereme. 

tions o f ?  - . ~.~rilI F3sd . t  i n  

All par t i a l  dorlvatisns will have to be made f o r  
0 

h the b%asis of simple t ransfomatfcns,  the elimina- 

- 0  

Here, a p p a ~ s  as the m w  relaxation tibe; it is 2efined, in a manner 
P’ 



and r e fe r s  to t he  temperatwe relaxation when p, v are constant, 

When we assume t h a t  t h e  pressure fn the  equation of  s t a t e  [U] is a func- 

t i o n  of s, v, then we sha l l  find, i n  an analogous manner and in equivalence 

with [14] t h a t  

6 0.A G O  8,.1 0 t T,$ it1 - E161 

hpsnding on the conditions present, i l k ]  o r  [I63 may be convenient, 

aaabatin,  con&tions of s = sg, s = 3 Ll5-j .dl be reciciced to the we~.~-knokr!  

acoustical  eqciation of s t a t e .  

P - 210 f T6v P = c') [ 6  - So +- tpu 83 + [n - 2' 

For 

When the  changes of s t a t e  are taking place very slowly, then the time 

derivations of [lbf and [I61 may be disregarded, and we sha l l  then come back 

to the static equation of state,  When t h e  changes of s t a t e  are taking place 

very rapidly, then we shall be able to disregard - on the  other hand - 
T - To(or  s - s ) and v - v - the integrat ion for t h e  time xi l l  

o 0' P - Po 
then result - when we take [ 5 ] ,  [S3 and [16! i n k  account - i n  

/ i P \  I ip\ 
P - P o  = iC ~ (T - To) T [ 1 (1. - a,: 

< T I T , {  

and in a correspondhg equation w i t k  L s o r  so i n  the place of  T o r  To. 

r e la t ion  wlll have, once nore, the form of a s t a t i c  equation of s t a t e ,  but 

now for the case of a constant 5 .  

fornation can no lo -ger  Zollow when the  changes of s t a t e  are  suf f ic ien t ly  

rapid, %.e. € will then remain constant. 

Th i s  

T h i s  may be seen directly, since the trans- 

The special  case of t;rV = T$ (and, anc.logousl.y, tne special case of  

Ir: t h a t  case - provided we ?isregard a t r i v i a l  

exception ( v i z ,  , when i n  the environs of the state o f  reference s depends 

-T' = 'T ) is r,oteworthy, 
" S P  

8 



a 

solely on T ,  p depends solely on Y, and A deperids solely an f ) we shal l  E n d  

that rTp = TDvt and we shaX then be able to integrate b b !  direct ly ,  with t h e  

result of 

T h i s  i s  exactly tha s t a t i c  equation of state p = p(T,v) when we disregard 

a term that decreases ergonentially, and the coefficient A of which is, i n  

any case, equal to zero when the prescribed change of state T(t), v(t )  starts  

from a s t a t e  of equilibrium, In that case, t h e  internal t ransfornat ion w i l l  

not come to t he  fore in the relation bstween pt T, and v, 

that ~-621~ therefore, no t  present sly; reiexatisr. of t k e  presnzre in the  case 

of i s o t h e d c  changes of s tate ,  wher, the ~ 0 1 i m e  is modified, b ~ t  I t ,  ntay pas- 

sess such a relaxation under adiabatic conditions, and vice versa: for,  t h e  

condition of T% =T' 

tail the condition that ?;p = rq. 
tion may or may not nanifest itself by a relamtior! between p and v, depending 

on the conditions that are present. 

S ~ c h  8 qrsten, 

which i s  necessarg to that end, generally does not en- % 
Fer that reason, an internal transforma- 

An example i s  the aforementbned relaxation of the heat of  oscillation 

fn gases, which is based on t he  equilibriun ad$..stmer,t of the level  of os- 

cillation of the molecules. Since the no1 number remains preserved. d?Jrirg 

this process, the equation of Sta te  w i l l  read p v = n R T (n = total mol 

mMber in gram): accordingly, it does nat contain the numbers of electrons 

occupyjxig the shell ,  i .e" the internal variable. 

&ct p v d-11 remab- constant in t!m case of lsothermlc changes, while the 

For that reason, the pro- 

dynamic equation of state will be reduced - when T is constant - to the 

s t a t i c  w e ,  despite the i ~ S s t b i l t t y  o f  ax occurrence of i n t e rna l  transforma- 

i Lions. T h i s  w i l l  apply even when we s h d i  have to take lnto consideration 

9 



l 
a no t  only an in t e rna l  transfamation but s3'f t r ans i t i ons  between the levels sf 

ro t a t i an  and oscfllatior. of the molecules. %t, i n  the case o f  adiabatic 

changes of state, t h e  equation of sta te  is a tmly d J p m i c  one. T h i s  fo l lows  

n o t  Q F ~ J  from the  themdynamics of such a system but  also fmm the  observation 

of t h e  absorption and dlspersion of sound waves. 

Now we shall compare the different ia l  form of the dynamlc equation of 

state [I43 o r  [I61 with an in tegra l  form, which should be preferred, particu- 

l a r l y ,  in the case of complicated systems, and which reriders d i r ec t ly  evident 

the connection of t h e  thenno$ynamic theory .Kith the  theory of the a f te r -e f fec ts  

of t h e  relaxation phenomena. 

h'e shal l  sin;plif'y our w m e r  of ro ta t ion  to some extent,  by designating 
- - 

* t he  deviations f r o m  the s t a t e  of reference by v = v - vo, p = p - 
- - 
s = s ~ s ~ , T = T -  To . 

It w i l l  then follow f r o m  [163 by integrat ion of this d i f f e ren t i a l  equa- 

t ion  i n  p, following some simple transfomation, t h a t  

When we conceive of  [16! a s  a di f fe ren t ia l  equatio;in v, we s h a l l  f i n d  ana- 

logously, by integrat ion,  t h a t  

0 

Cansequentu, t he  instantaneous w u e  of 6 (or  of 7) consis ts  of  a part 

( o r  and s) 
and 2) 

t h a t  has beer, determined by t h e  instantaneous values of  v" and 

and of another p a r t  in to  which a l l  ear l ier  values of and 5 (or of 
will go, wiith exponentially decreasing weights, T.Xs ze22;s t h a t  e l l  earlier 

val:Jes of t h e  two otha? variables prPsent t h e i r  a f te r -e f fec ts  in the in- 

stantaneous value of 
- 

(o r  of VI. The term of the  sum having t he  coef f ic ien t  



. 
A or El may te ~rd%?,sd, *.en we f o l l o w  the system ky  star t ing froln a s t a t e  

of s - i l i b r - l ~ ~ ~  ( V  = 0, = 5 and $ = 0 LfQp t 01, ti.len ws sha l l  find tha t  
3 

A = 2 = 0; on the other hand, &en the i r i i t i a l  state  is not a s t a t e  of eqtlilib- 

rim, then it wfll not be necessary for A an& B to disappear, bu t  the term 

having the factor A or B will become negligibly small, after  the lapse o f  a 

t i m e  of >> 

to carry out  nreanfngful measurements on the systsw. 

and we s h d l  always have to wait that  long when we want  E%' sp* 

The Ifunctions 

and 

are designated as after-effect functions of the pressure o r  volume in the case 

of changes of the v a l u e  and the entropy, OF of the pressure and the entmphy. 

Analogous results w i l l  be obtained from [14). 

4 Thennodmaaie svstms with a firiit.0 number sf internal transformations. 

We s h a l l  now eonskier 2 syzt.;n islth B f i n i t e  rrabar of i n t e r n a l  %tans- 

formations,  Xs shall have t h m  described 'cy m m i n g  reaction variables by 

independent concentratfons or by internal temperatures t ha t  have been defined 

fn a stlitable manner, ox by other  variables SI, 5, .  . . . , >n. Let a f f i n i t i e s  

of AI, A2, . .. , An that depend on s, v and the St's be assigned t~ them, on 

tite basis of the Gibbsfs relation of  

f i n i t i e s  will fisappear the s t a t e  of eqzi l ibr iu?!. Then 

du == y d s  - p d c  - i 4 d , d l i  These af- 
1 - 1  

Kill be vglid for th9 reretion velocit ies  In t h e  case of mall deviatiaris 

* There is no Equation L211 i n  the Geman text. - Translator. 



from the themodynarelc ecpilibrium, ~h accordance nit'n the t h s r m o m z d c s  of 

the irrsvsrsible processes. 

sidered t . ~  depenc! s ~ l e l y  an the data of a refemnee s ta te  To+ vg, neap wWck 

ths system w i l l .  be assumed to he located. 

In t k ? s  e q ~ s t i m ,  ~ O Q ,  t h e  5,'s may be con- 

The reciprocity relations of 

Onsager, v i z . ,  

6ik = F k i  ( i ,  x: = 1.3. ..., n )  

will apply t o  them. 

We shall now l imit  oilrselves, inasmuch as  nothing else will be s t a t e d  

expressly, to adiabatic cha??ges o f  state, for which we shall be able to write 

It will now be convenient and possible ta introduce n linearly independent 

linear combinations of the j l*s  and assigned a f f i n i t i e s ,  in such a way t ha t  - 
( a d , , ' a & ) , , w i l l  be transformed in to  the unit  tensor w h i l e  girt w i l l  become 

diagonzl (2). 

wilf have an absolute rninismrn f a r  i4 = 

actually be completed. 

To this end, we shall have to mppose solely t h a t  U(so~vo,Sl) 

and that all reactions -&ll '"j.3' 

Due to this transfoxmation, the  square fom cf the internal  energy, in 

for the new internal variables will be the case of  constant s = so, v = v 

equal to one half of  the sum of the squares of the new a f f i n i t i e s ,  and the 

sq2are f o n  of the entropy generation will be reduced to a mu of the squares 

of %he new af fki t fes  having positive coefficients.  

here and in t h e  following, thst 'JUF ' ' 5  and A, 'si already h a ~ e  -LE2',s propert;.: 

t h m  we shal l  have, in consequence thereof,  in the case of  c o n s k i t  s = so, 

v = vo. - of  course, near the s t a t e  o f  equilibrium only - 

0' 

We sha l l  now assme, 

i & 

12 



n ?L ?; 

,) -; >l .A?;  L 7 - d t  5 = &4:. 1 
- -  I'- 

1 -  . - I  r = l  1-1  

This s L ~ d t a n e a x s  t ransforna t ion  of two squara CQITRS 05 p?Lmry axes,  wtiZ 

r&? us of the corresporrdfne_ transfamation of the  k h e t f c  and potent ia l  

energies of mecha-ecal systems in the  environs of a s t a t e  of  equilibrium, that 

leads directly to the ~3rm.l osci l lat ions and to their eigen-frequencies. 

the normal coordinates frequently Q not have any i ~ p ~ r t a n ~ e  of their own, on 

a mechanical qystern; rather, they are genereilly connected, in a quite compli- 

cated mmer, with simple geometric data of the system. 

But, 

This applies al to-  

gether analogortsly to t h e  intern81 ''normaltf var-izbles o f  t h e n a o ~ & % i c  sjstens 

xi.th relaxzition. 'de should des&iate as s-le internal. variables t b s e  veri- 

ables that m e  assigned tCr ind iv idua l  molecular rneehanims. 

variables w i l l  correspond to the usuzlly ra ther  complicated conbinations of  

the individual mechanisms and each measured relaxation time wXl1 always be 

assigned ta a normal variable and, lihereby, generally not to one single mole- 

cUle mechanism but to a certain combination of a l l  meohmisas. The fact  t ha t  

the nonaal variables are generally differant Qnes i n  the  case of c o n s * a t  s,v 

than in thzt o f  constant s, p or T, v or T, p represents an additional cam- 

p l i ca  ti on. 

Then, the normal 

On the basis of our assumption that the Sirs are already nom& vari- 

ables, we shall arrive at the conclusion tha t ,  when 

E i  = - 1 d i  L. ( t i  > 0 ,  d i t  = 1 for i = k,  d i r  = 0 for i + k) 
Ti 

The t o t a l i t y  of the G's is +he relaxation q e c t r m  (= t o t a l i t y  csf the 

relaxation t-k-es: for constar,% s ' s  and v f s  as we c m  se2 k d i . a t e l j .  by the  

integration of [2j] wi th  v zz vas We shall now be able to eliminate t he  

17 



* 5 - fig from [Zsf and from the  t?quatiQn of s t a t e  as develaped amund the  i 

and the  dynanic equat-fon o f  s t a t e  as written formally, viz .  

n 

will come into existence. 

C designates the d i f f e ren t i a l  operator  d / d t ,  The real f0.m w i l l  resdt 

from t%.s f o x d  verslor, by means of m d t i p l f l n g  ztmy the  dermniriatcrs 

1 + ?;iJ. 
derivations of these vai-iables up to the r-th one, pmt%ded t h a t  t h e  sm con- 

tained i n  [q] contains - possibly, k y  means of a summing up - exactly r terns 

Consequently, [27] t ies  kgetheer the p - F ~ ,  v - vo m d  the time 

with various Tits. 

Instead of [27], we sha l l  write briefly 

when 

On the basis 

a t  the  conclusion 

of the thermodynamic stability conditions, we shall ar r ive  

t h a t  
7b 

CY3 sa? < 1. 
i =  1 0 2 6'2 and 

The relaxation times 7 and the values o f  the eosfffcierits 6 i i 
not depend on our s p ~ . c * q l  choice of t'ne fnternal vari?.-i:fPs, but the specid- 

representation [Q] of  the biL!s does, indeed. 

evidently do 

3 
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I 

Ir, 8~ anaXogous manner, we sha l l  &+&in 
7' 

i - 1  

7 
with non-negatLve d$4-ts, on t h e  bas i s  of  the selection of p and 

per.dent variables. 

as incie- 

The D i t s  are the adiabatic relaxation times in the case 

d. -3. 

of constant pressurn, 

When a l l  the Tif s are  different f r o m  one another, and when a l l  the  

6, 's are larger than 0, then t h e  zits will also d i f f e r  fron one another, and 

all the $i 's will be larger than zero, and when all the 7; s md the "if s 

have beer. arrzr-ged aceard5ng tc t l e l r  size, ther, 

2 
I 

2 
& 

will be valid, 

The relaxation times Ti, in the case o f  constant s, v, will therefore  

be separated f r o m  the relaxation t h e s  5%' i n  the  case of canstant s, p,  i n  

such a sense that the l a rges t  relaxation time rn of the first spectrum k i l l  

be smaller t i i  the  'largest one gn, cf the second speetmm, 

con&tians, wa shal l  w r l t e  br ie - ly  t h a t  

To describe these 

In an anafogotls manner, we shall be able +a obtain the re la t ions  of  

for the  relaxation t h e s  in the case of  o ther  variables t h a t  are  maintained 

constant. 

corxected by such a relation, 20 not have any mul t ip l e  relaxation times, and 

t h a t  a11 t h s  is * s and 4 s, and a l l  the vel-Les t ha t  c:!rreGcsnd to thex.,, in 

each case, in other spectra, d i f f e r  from %em. 

L? [F], we have a s m e d  tha t  two relaxation spectra, t h a t  are 

& 



. 

c353 

possibly with a d i f f e ren t  n?z.nbering o f  tiie Tils and zits, and there  .*r';ll be 

1.5 u ,  6, i 0. J ,  = 0. 

by also the  sum in 

(i = 1, 2, ..., P) are the relaxation times which E:WW their e f fec t s  LE the  

thenabdynamic eqdation of state. 

and we designate t h e i r  tota l i ty  as the effective relaxation spectrum Sp, 

( 5 ,  v) o r  Spe ( s , p ) ,  when s,v o r  s , p  are  constant. 

Ijr numbered, the eqJatian 

'Jnder i i e~ t i in  CLrvrnstmces, the SLL?? in [252, a d  thme- 

may be Sone a-say w5,ti, af";oZether. The Tif 5 or G j r s  

We call them the effect ive relaxxtion times, 

When they are  appraprfate- 

CY773 

i37-j f c ~ 1 3 w s  c ~ i r e c t ~ y  frm s o l i r i r q  t32-J for v - v 

TI< GI < T ? <  OL < . . . < 7,( 0,. 

r will applr  to t > m ,  a l so .  

and comparing it with [36], 
0 

Analogous re la t ions  ard statenents will result when we keep the tezpera- 

tu re  constant, instead of the entropy. But in this case, the  mriber of the 

e f fec t ive  relaxation t i q e s  will not have to be equal to r, 

mmtioned example of the osc i l la t ior .  ar,?. ro+at ion relaxatiar-, t he  nmber o f  

t h e  isatternrie effective re lualbor .  t iqes  will be equal tc mm, even when 

-e e a r ~ i d e s  211 c a s s i b f l i t i e s  sf ~ F L I S ~ ~ . - ~ E ,  ~ k 5 l e  t5e r.mlxr ~f t k e  cEaba t i c  

effective relaxation times ?riIi a l x q s  3 f f e r  frorr, zero.  

In the afore- 

16 



- - 
The inteprgl  fonn o f  (p - p, T p, v = v - v> fd lovs  f m m  t h s  diiffer- c 

entia1 fsnn [3sf QP [36j of t h e  dynamic eqxi t ion  o f  s ta te ,  bymezns of the  

iden t i ty  t h a t  is va l id  f o r  0, v i z .  

It is: 

have been omitted, fo r  the reasons given above, 

equations that are analogous t o  [39] and [40] w i l l  result. 

For isothennic conditions, 

In this way, we have obtained the f o d a t i o n  o f  the theory o f  a f t e r -  

e f fec ts ;  the zct5a'cati.c af te r -e f fec t  functions are: 

The oil 8 ,  q i r s  zre determined .metpivocally by the  /ZiVs, bif s, and v5ce versa. 

We note expressly tha t  several elementary relaxation processes (several 

molecular mechanisms) with equal relaxation times may be summarieed i n  one 

effect ive relaxation process o f  the af ter-effect  theory, but t h a t  - on the 

other hand - one elementary relaxation p-oeess ( m e  molecular necharrsx) 

 rill not n e c e s s a r c y  have to 'cecome mrxifest in one ef fec t ive  relaxatfor: pro- 

C E S S ,  an& in a d e t i a r . ,  t h a t  one effectivc, relaxatlor. " .he  m;: %lit -mder 

i sa themic  conditions kt0 several effective relaxation tines ucder adiabatic 



. conditions, or that it may not m&,?ifest i tself  a t  all, and. -&ee versa, 

All t h e  considerations presenter! 'sp to this poifit, a& also many of 

the fa l low-hg Ones can be translated a'irrmst l f t s r a l l y  f o r  application t~ the 

case of  d i -e lec t r ic  relaxation: it h f l l  be nesessary only to replace p - po 
by the  e l e c t r i c  f i e l d  i n t e n s i t y &  md v - vo by the  electric disp1acemenL 

density? in order to obtain the description of t h e  di-electr ic  relaxation 

phenomena by means of the dynamic equation o f  s t a t e  in its differential .  fonn 

(the dynamic efiargenent of t he  s t a t i c  ecpation *p = 8 @) ~ 3r by tite a f te r -  

e f fec t  A'w?Actions. 

5. 3elaratlon mectra -3. svstems h a v h z  ZT! bf%Lte  rrm'ber of i rs ternal  

tran sfo ErEition s. 

We- shall  m w  attempt t o  transfer the r e s u l t s  o f  the precediag Section to 

it 
c 

tinennodynamic sgstems having 82: inf-inite m b e r  of  i n t e r n 1  var iables  5i, 

w i l l  be shown by an example i n  Section 7 t h a t  there  are systems t h a t  may be 

conceived i n  t h i s  m a n n e r .  In  Section 8, we sha l l  t a l k ,  by way o f  intimation, 

abmt  the  question as to the  extent to  which such systems may still. be desig- 

nated as thermodymmic systems, 

For the sake of simplicity,  we shal l  assme t h a t  the i n t e r r d  var iables  

F i  form a discre te  t o t a l i t y .  

over a l l  the results of the preceding Section inasantch as nc use 5s be ing  

made by them of the existence of normal variables. That appl ies  d i r ec t ly  

only t o  equations [225 t o  [24], in which i = 1, 2 ,  . . . , while the  sums extend 

from k = 1 to -. Bat, a more precise mathematical analysis, e.g. by means 

of the theory of infinite matrices o r  by the methods o f  the theory o f  in- 

Ther., we shall i m s d i a t e l y  be able t o  take 

z LsgrEil e q ~ a t i o n s ,  wil.l show tha t ,  in adctltion, a l l  r e s u l t s  o f  the  prececibg 

Soetion, i f  they are interpreted correctly (which is indeed, obvious) ,  nil1 



remin esaentiafly va l id ,  fnasmuch a s  they do not contain t h e  normd, variables 

in an exTlieit form. These are ecyuat io~s  [282 and [y? to [&]. - ~ 5 1 1  h v e  

.to be kept i n  ~A.nd ,  however, t h a t  ‘sa ths case of pr5hiems f n v o l t i n g  w. in- 

flr,i+,e nixnbe? of transformations, t h e  relaxation spectra w i l l  net have to be 

discrete my longer ‘aut may be continuous o r  may C G X I ~ I ~ ~  continuous parts ,  

In that case, [40], and [41! will be repiaced by 

c423 

V ( a )  and *(I> characterize the  effective relaxation spectra in the case of 

cafistant s , v  or s , p .  Their po in ts  o f  discontinuity carrespond to fiscrete 

relaxattor. t ims  I/‘ &Lle intervals of steady irxrease carrsspond t o  c m -  

t 5 - m ~ ~ ~  p a r t s  of the r e l axa t ion  spectz-m.  

t o t a l l y  nonotonous in 0 $u < m, i . e ,  , they =&I; be diffsrentiated there at 

will, and t n e i r  n-th differential .  quotient (n = 0, I, 2, * .  . >, differs f r o m  

zero and has the sign of (- 1)”. 

T5;e after-effect fur,ctior,s e x  

There exists a simple connection between t he  two spectra Vp(X ) and 

$0.). 
e c p t i o n s  [423 and [&33 combined w i t h  the cpplication of the fakding theorem, 

or mz-e dlrectfy, k y  prempposLrg t h a t  v ( t )  and there3y also p ( t > ,  is FK)- 

7 5 r ~ o n a t e  ta e 

and [43], as well a s  by entering @(n)  end 

It xar be obtained e i ther  Sy way of the  Laplace transformation o f  

- - 
L t k*ttl aqy  (even B ea;vlexl ut, inse:*ting t ~ s  inta [Q? 

(a) f r a m  [&I, and by i n t e g r a 5 x  



' for u. The result w i l l  be 

This equation enables us to calculate, by a we'll-known method, (a ( ( x ) ,  proddec! 

that c.(X ) i s  known, aqd v i c e  versa (cf. , e .  g.,  ( 3 ) .  (4)). 

When the effective relaxation spectrum Sp,(s,v) i s  discrete, ther, $ ( A )  

will be constant, except for the points o f  discantirmfty; this Kill then 

apply also t~ $ ( X I  and Spe(s,p) will a lso  be discrete. 

ViLZ., 

The analogon of [TI, 

.kpt (.j. 11, > S'p< (q. e , ) .  

Mill then fo l low from [ k 5 ] .  

t m  also contains centimo-ds parts, then the s& p-spectrum will contain 

continuous parts within the same areas, 

It f o l l o w s  likewise that: Ithen tie s@, v-spec- 

T h i s  statement i s  almost self-evi- 

dent, when we conceive of  the continuous system a s  a border-line case of a 

discrete spectrum with relaxation tines that lie very closely together; for 

in that case, there will l i e  - according to 2 theorem of the preceding Sec- 

t i o r .  - between every two relaxation times o f  Sp (6,~) a relsxation tiroe o f  

Sp,(s.~> and vice versa. 

t i o r .  time of Spe( s ,v )  which lies outside Spe( s ,p)  does not, by any means, 

close o f f  the continuous spectrum but is evident, outside t h a t  spectrum, as 

e 

at = mid this is remarkabie, indeed - that relaxa- 

a discrete or isolated relaxation the. 

We shall show this an exasple, a cont;inUaus spectrum with constant 

occupation. 

that  i s  for a &A 5 b and that o ( h )  = q(b - a) for L > b. 

L e t  us a s m e  that ? ( A )  = 0 for 0 s>< i a, TO.)  = q(A4- a) 

Then, we shall  

have, .den = - 2 

0 a 



The integral [47] w U . 1  be unequ5.vocal and finite everywhere, provfded 

we exclude a branch l ine  along the continuous spectrum a $ z 0 from the 

complex ~t-plane, The right side of 1481 will also be unequivocal, provided 

we excluee a branch l i n e  a 5 z s b ,  but it will be finite o n l y  with the ex- 

csption of the pole zo for wfiich 

will apply. 

of i (A  1 in the  point zo and of the value of 

It lies outside the  i n t e r n a l  a I- z &b. To it, a discontinuity 

L 
D - f] o <  I-j(rJ \-?-l)(I--rJp); -- 

(v - Q' 6 c 9 3  
I 1  (I r> 

( bF a)  

-~ _ _ _ _ _  = h g  
("E - rj) ("z - q )  

and an isolated relaxation time of > -outside the interval o f  a 

Otherwise, ~ ( k )  has g r s e h  p i n t s  o n l y  within the interval of a s-? 4 b. 
They may be found by assuming an both the right and l e f t  s ides  of [48] that  

z = X + iy and by performing the passage to the limit $ - 0 .  It will thsn 

follow that, 

d i .  d y (i.) = -I-- !I 

.7$ y* - ~ 1 - p 111 
[, - i. ;? 

j 1 /. - 0 ; 

Otherwise, i.e., f o r  0 5 A c zo,zo < x -. a, b < X < a, y (3.) w i 9 . l  be constant in 

each case. 

i Iqe shall  summarize: The continuous spectrum Sp (s ,v )  in i. g (with- 

out any i so la ted  outs5de relaxation time) corresponds to a contbuous spectr.:i 

e 



’ SF ( s , p f  vit:Gn the 

above the  interval. 
e same qhterval, ~ 5 t h  an add l t iomi  i so la te6  relaxation time 

6 .  -general linsar theory of  after-effects, 

The themo4ynamic t heo ry  of t h e  relaxation phenomena l e d  us, i - i  the  gen- 

e r a l  case, to  the dynamic equation of  s t a t e  [42] or [433 between E( t )  and ;( t) ,  

with t o t a l y  monotonous after-effect  functions of e ( u >  o r  B (u). 

are interdependent; both equations have the following character is t ics :  

[42]and [43] 

1. They are l inear and homogeneous; i . e . ,  when G,-(t) leads t o  q ( t ) ,  and 

when Gz(t) ’leads to &(t> then q(t) i ‘J2(t) leads to k(t)  + &(t ) .  This  

- - 
2. p ( t )  depends salely on G ( t )  and on the erirller values of v ( t  - u) 

when il > 0; analogously, q(t) c?epends only on ;(t) and on t h e  e a r l i e r  values 

o f  p ( t  - u) when u > 0, i . e , ,  F ( t >  i s  determined only by the  earl ier  history 

but not ty the future behavior of T(t )  and vice versa. This property i s  also 

cal led the af te r -e f fec t  principle.  

- 

3. A l l  p o k t s  of the time axis are equivalent; i.e., when v!t> leads  

t o  p(t), then $t + At) when A +  is randomly selected, w i l l  l ead  t o  F(t + At)* 
- 

4, 

These properties o f  systems having relaxatfon properties are so evident 

Lfiaited F(t) csrresporids to limiter! v ( t > ,  and e c e  versa. 

t h a t  one might at texpt  not t.3 obtain them a s  inferences but to make them the  

basis  of  a relaxation theory f o r  small deviations from the state of equilib- 

rium. 

method and actual ly  leads,  despite the small nxqber and the  simple nature of 

A s  a matter o f  fact, this approach is much older than the thennodynaxie 

22 



ahvenentioned prereaxisite s provided that we sha l l  a l l o w  non-proper functions 

(e,g,, of the type of a X r a c  F-ft=;nctisn) also a s  after-effect Pmct",iofis. 

coLlrs8, t h e  coefficient 

dynamic significance: it indicates simply whfch bstan.taneozs press~re jump 

w i l l  occllr when 

The index s will have to s l g n i Q ,  however, that the process sha l l  be adia- 

batic. In the case of an isothennfc process, 1423 and [43] would also be 

valid, but with anothsr coefficient,  v i z , ,  with 

Cf 

has by n3w largely been .%-msted of i t s  therno- 

is changed suddeElg, from the  direct ion of the equilibrium. 

end with  o the r  after-effect f'unctions of a(u) and E ( u ) *  

We d.~ not wfsh ta indicate all possible a f te re f fec t  fbmtions,  bct only 

+yo point o u t  the various poss ib i l i t ies  by rneays of a few charac te r i s t ic  ex- 

amples. 

1. The themodynarnic theory of the relaxation phenomena provides 

when TA.  e m and & A  '4" < i, while Ai and Ti aye otherwise selected a t  randam, 
I i i  

as possible af ter-effect  furc t ions  i n  i42]. 

integral Ray be written, even more generally, in [523. Then, the after-ef- 

f e c t  function 9 (u) has been determfned unequivocally; it w i l l  have the fonn 

Instead of the sun, a Stieljes-  

of 

when 5 and zi &re also posi t ive,  i 

2. A more general group o f  af ter-effect  3 m c t i o n s  has  also t h e  fom, of 
.r 

[522 and [532, but with coxplex Airs and f or B 1 ' s ,  that w i l l  have to 
I 



satisfy cer ta in  o the r  ras t r ic t ions .  It is neeessarg, amng o the r  thtngs,  t ha t  

t'n9 r e a l  part I , r  of i = I _. , ; L J l  i s  posit ive.  It is saffi t ier . t ,  ir; any 
I 

7 1  T>' 

case, fer Ai a d  Ti to be posi t ive,  and f o r  Z Ai to Se l a r g e r  than  = znd f o r  

L Airi t o  be l a rge r  than 1. 

and suf f ic ien t  conditions and shal l  lMt owselves to ?he case o f  two terms 

of the wlol in [52] with a positive coefficient A and with conjugated complex 

values of yi = ., 5 io,, due to the  r e a l i t y  of Q(u>, 

1 

We shal l  on i t  the f o n d a t i o n  of the necessary 

1 1  Then, we shall f ind  tha t  

a(u) = 2 d e-ii'ro COS (L)o 

k*en o < 2 A 

t ~ ~ e  depezdemy o f  e M L  .that 

< 1. It f o ~ l o w s  frm Ck2-J f o r  hamonic processss e t h  t h e  
:,,. & 

T h i s ,  however, is a connection t h a t  is typical  f o r  systems with attenuated 

a sc i l l a t ion  i n  the case of  peyiodic excitation: 

and To i s  reciprocal to the  attenuation constant. 

qualit ies  of t'lese systems, it is possible also t o  call them systems with 

resmance relaxation. 

i s  the  resonance frequency 

account of the resonance 

S y s t e ~ i s  of this type are covered by the so-call& function-theoretical 

method i n  the  linear after-effect theory ( 3 ) .  

indicate  the  behavior of dielectrlc media upon exci ta t ion with frequencies in 

the range of t he  v i s ib l e  l i g h t  and of l i g h t  with still. shorter  waves (optical 

absorption and dispersion - here, the e lectr ic  displacement dens i ty  tekss the 

place of v, and the  electrtc field density takes the  place o f  p -1, bxt also  

f ine ly  r i f s t r i h % e d  small gas bubbles in a i q . 2 d .  These q s t e m ,  ar.6 SLT~.IZ? 

ones, are t m l y  two-phase systexs ir, which one phase is f ine ly  d i s t r i h t e d  

As examples theyeof, we may 
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within the other ORB. The thennodymdcs of the i r revers ible  processes may 

be applied to it, provided we take into account the mn-homogeneity of the 

system in an expl ic i t  manner. 

then as geraminsly honogeneous but wfth appropriate internal variables, is 

not possible within the framework of the thennomanic relaxation theerg. 

&t, it seems t ha t  a themnodynamic relaxation theory may be developed @r 

means o f  an extansion of the thermodynanics of the  i r revers ible  processes. 

But, a concept of these systems looMng upon 

This theorg w i l l  comprise also tho- systems t h a t  then w 3 l l  have to be con- 

sidered macroscopically homogeneous; it w i l l  provide resonance relaxation 

and should enable us, due to i t s  formalism, also to describe thermodynamical- 

l y  the behavior of the homogeneous dielectric matter for frequencies o f  visi- 

ble l ight .  

3. An additional group of after-effect M c t i o n s  contains non-proper 

functions. The siraplest example i s  the funotfon 

a (u)  = a - 6 (u - T) (T >O, u -= 1) 
a 

6 (4 = 0 far x p 0, I 6 (2) d z  = I. 
-P 

when 

It follows hence, fms [42] tha t  

By solving this equation for y(t), we shall find tha t  

and thereby, 

B(~)=aS(u- - )+a*6(u-2T)+a~S(?1-33T)+  ... 

Such a system has very curious properties. When the volume is changed 

suddenly, it will first present an instantaneous change of pressure and then, 

a f t e r  the lapse of a tims T, another sadden change o f  pressure; conversely, 



e sudden change of the presmre m d d  be fsllowad by an instantaneous ckange 

rr.etr3.c progression, wedd f o l l o w  a f t e r  t h e  lapses  of the times of T, 2T, and 

3T. 

7. The problem of dielectric relaxation. 

A s+le example o f  the thsmodynamfc relaxation theory of  a system 

haring M infinite number o f  internal variables i s  8 distribution of dipoles  

b. a Ifquid.  We shall  assume, fer the sake of siraplicity, the case without  

8 f ie ld ,  and presuppose that, at t he  t-he of t = 0, a randox dev ta t ion  fmn 

t ion of which ffes in t h e  space angle a f s k f i d i J d ~ :  , over t h e  equilibrim value, 

then we sh2ll find for the adjustment o f  the equil iSrim distribution, accord- 

ing to Debye, that 

whm 6 i s  a vi ,scosity constmtt w'niie ic 5 s  the %ltzaam-canstant.  

eqiatisr, agrzi.,s c m ? ~ e t e ~ y  d t h  +cpa",isn i 2 h i l  k t h  Y = v,. 

c3m even mom evident  xhen we introduce a normal variable g , ,  s,, , . , 
i s  dona by the transformation from I ;J. y )  , *lo the 5,'s. in accordance with 

the dsvslopmsnt of the spherical function (we assume here, for the sake of  

This  

- 7  T h i s  w i l l  be- 
"' 

That 

simplicity, that the initial distribution does not depend on c p ,  v iz .  : 

It fctl lcrws than ,  an account of 

ky cornparkg the c m f f l c i e n t s ,  that 



eqaflibrium, different values m u l d  have to be assigned to 6 .  

the adiabatic case should always be present. 

Experfmentally, 

The fact  t h a t  o n l y  the slowest relaxation process w i l l  present the ef- 

feet  of 71 == : :,' in the electric monent is nsteworthy, b u t  zlearly ettident 

because sf the properties of  spherical. finetions; far, when we c a l c d a t e  the 

i s  decisive. 

ditioned solely by the  relaxation of 5,. 

8. 

T h i s  means t h a t  t h e  relaxation of t h e  e lec t r ic  mnaar-t is con- 

Linear kinetic theories as  relaxation theories. 

Tdhile the far-reaching consequences of t%e themLo@-r.a!!c: t h e a q  of t h e  

relaxation phenolevna are aireadg Socomfng evident  fma the example iEse:sse? 

Ir: the  prece.l.hg Teetion, the::: rill F'e a r a  x a r ~  p r ~ n ~ - . s n ~ ~ ?  wkw- WJ e t t sz ,p t  

- in a very niccessPd xmiijr  - +a xncsive a f  the Sasic: k h e i ?  q : a t , i m s  as 

relaxatior, ecpat ions,  

homogeneous systems with a dfstribation h e t i o n  o f f  have t h e  for?". a f  

As a n&.ter sf fact ,  the  basic k inet ic  equa+,ians fur  

t54 I 



The r e l awt ion  spectrum i s  defined by the reciprocal values of the  k i t s .  

addition, variat ions of extern& parameters - e.g., of the  volume - can be 
covered - by way of analogy to (42) - by an additional :hear *.em I;avZ,ng 

T(t>  as  a factor  2x1 [Sa], and we s h a l l  finally f i n d  A, a t  l e a s t  as 2 princi-  

ple - it is anot'cer questior, whether this can also  b e  ~ e d . 2 z d  in ;rantice - 

In 

nents l  equation 8s enlarged i n  t h i s  marmer. It is Izrgely based or! the  as- 

smp%iion tha%, in ths case o f  variations of an external paramter ,  a l l  relaxa- 

t i on  times that are small i n  re la t ion to t h e  time during which noticeable 

changes occur, may be considered i n f fn i t e ly  small in t h e  f irst  a p p ~ o ~ a t i o n .  

Tha% means t h a t  we shall be &Is to write i n  the a f te r -e f fec t  eq-lation [k?) 

systems, in which the rapid relaxatior, processes as szch do not  play any part, 

a re  cal led tragedff ["gealterte"] sy stsns. 

?;his concept of  the  " r e t i c  t t i e o r j  BE repr9senting the  most gereral ex- 

theory  ax? tha, kinotic thear ies  o f  t h e  .r.elaxatiori phertomem to rcerge. An 



argm.ent iri favor o f  this coccept 'Is rexnlered possible k y  the W . Z  ,155 o f  

the c m c e p t  of t h e  ffctiozsly i n h i b i t e d  saaSibrim a s  ir;trc+:ted by SchottlTf: 

%nis  msans t h a t  we s h a l l  be i ! l s w e d ,  Fn 0';r m?nds, to considel. a i l  t r m s i t i o n  

pr&aEJities between various argument val2es of the dis tr ibut ion  fLvlction 

as inhibiting factors that are equal to zero. 

able to use ths  methods o f  thermodynamics and to ca lcu la te  - for such a system 

i n  e randbra state of  non-equilibrlun which, however, must not be t o o  far re- 

moved from the equilibirm, the themadynamic -'Ltnctions as dependent on the  

t o t a l  of the values of the distribution function. 

nethod may a l s o  be f a m d  in t h e  fact t h a t  t h e  oscLllatkcsn5 that have teet eal-  

cAate2 QR its basis by the themo$ynm.ic osc i l l a t ion  theory, agree wtth t h e  

, L  

Then, however, we shall be 

The j u s t i f i c a t i o n  of this 

8 s  c a l m l a t e r !  according to stat ist ical  rrc.echanics, 

9 ,  Final rmarks.  

The fomalisn and the general laws of the themodynamic re laxat ion theory 

Two kinds of  val.les enter into this zay be considered sufficiently clarified. 

thbxlq .  

f i c t i t i ous ly  fnllibited. equilibyiu;?; "hey nay be o b t a h e d  f r o m  s t a t i s t i c a l  

r.shan',cs and may be calcdateZ for rjarr; sxmples.  

t yp ,  the phenomenological coefficients E. 

ties between various argument valces of the  c i i s t r i h t i o n  function in 

of an incomparably more complicated nature and can be obtained only on the 

basis of  difficult Mnetic considerations tha t  are largely of a cpantum-mechanf- 

cal nature, 

dsne L? t h i s  f i e l d  - no matter which type of rplaxatfon phenomena Fs under 

6% sc?i s sian * 

The valttes of t he  f i i s t  type ars t h e  t h e m d y m m i c  fmctions f o r  the 

The values o f  the second 

in f27'2, the  t r a n s i t i o n  pro'c-abili- 

are 

ik 

Despite m a n y  beginnings, almost everything s t i l l  remains to be 

'43 were able orLy to hint a t  the passibilitv of a themod3munie resonance 

relaxation. We hope that IGT shal l  be able to retarn t o  it a t  enother occasion. 



r s l axa t ion  spwtra at l e a s t  far one e x a q l e ,  perhaps for 8 gas mode? k i t h  

r i g i d  and  snaoth spheres. 

It i s  possible to develop - a s  a counterpart of the relaxation of pres- 

Sure and volume as discussed above, and largely psrallel to it - a theory 

of the elastfc relaxation in i s o t r o p i c  or anisotropic bodies, and a theory 

of the die l ec tr i c  and magnetic r e l a x a t h n  in anisotropic bodies. We shall  

soon &ISGI:SS elsewhere the e lest ic  b,rlies with  thmst relsxatlon and pressme 

rei a m  t i o n ,  

It m3st finally be pointed out tha t  trensfer phsnoaena a3s-c p l a y  a part 

fr, nary relexation phenomena, 

the acoustic relaxation i s  concerned (6). 

They have beer, examined thoroughly inzmdch as 

J. Meixner (Aachen): E3y way of conclusion of my report, I kant to pose 

a few qrrest5ons a d  t o w h  upor. a f e w  problems the treribent of which, in my 

opinion, could be a f  interest  f o r  a fbrther development of  the theow as w e l l  



2. Are there any systems having a so-called "dead time'' such ac has been 

discussed a s  the third. exenple cf ths 6 t h  Section a f  t h e  Report. 

3. VhicI: data can be obtained, mnaxhdly, from 8 measired dispersion and 

absorption curve, in regard to the relaxation spectrm, provided that the 

value of the measuring errors can be estimated? 

problem. 

Stavemann and Schwarel; c f . ,  in this respect, Mr, Stavernan*s paper. 

This is a purely mathematical 

Important contributions k, this problem have already been =de by 

4, The pertinent retardation spectra should be calculated for as m a n y  

A first compilation of tMs type may given relaxation spectra a s  possfble. 

alrea2y be f o x 2  ir, 3, Gross, Yh"i.themtieal Stmcture 3f Theories of L-hear 

Viseoslest ic i ty  (Paris 1953). 

5. The relaxation properties - particlderly the relaxation spectra - 
shoqdd be calmlated f a r  2s many models as possible. 

S. Fluegge (Marburg): I mggest that the following three complexes of 

problems be treated successively in the discussion: 

First: To which extent are the 's entropies, and to what e-utent are ik 
they not entropies? 

the,mo&jr,amic tneory be applied to practical examples? Fina l ly ,  the cyuestlans 

posed at the end of the Report, e.g., the resonance behavior, the signifi- 

cmce of the concept of "dead time", w i l l  rernaik as the third question, 

should, perhaps, adjourn mathematicel questions until. we shall discuss the 

The secrrnd question would be: t o  what extent e m  your 

We 

paper by Gross, 

E. 3, G. Casiair (Eindhcwen): When yot: disc iss  the relaxation 

In that way, with ssveral variables, yo-a int rochee the vslues g ik. 

phenomena 

the f o r m -  

l a 5  k . 3  have a ?ar t icd .a r iy  si.@.@ fern,  &ace the mat-ix a s  well a s  the 

matrix of the derivatisns d Akk/&l has been diagonalized. T h i s  i s  based on 



the fac t  that it is a s_vmnetrical matrix, &de +a the @.sager r e i a t i a c s .  1% 

is % m e T  however, that the s w5I.l no5 have b be q m e t ~ i c z l  e. g. for 

a sys ten  within EL magnetic f i e l d .  

have to became fki^ when the magnetic f i e l d  i s  reversed. 

the sik-inatrix c a m t  be diagonalized, and relaxation phenomena may result, 

accordingly,that are much sore complicated and that will not f i t  into the 

general formalism, 

It will t h m  be t m e  or-ly t h a t  g w 5 . E  Ik 
Far that reason, 

J. Meixner (Aachen): Undoubtedly, the s i tua t ion  is more complizated in 

t h i s  case. But I believe that here, too,  certain geneFa3. stetements can be 

2 C k i  eV6d. 

S.F~,aegge ( & u + u g > :  To what extent =an such a case occ-a-, are there 

any additional examples? 

H. 3. G ,  Casimir (Eindhoven): I believe that, outside of  nametie 

f i e lds ,  this case occurs o n l y  in systems that are in a state of rotation, 

e. g. , Tn a system withir. a centrffuge, k t  thls i s  already very a r t i f i c i a l .  

But, actually, it may ocwr veqr w e l l  5r-i a magxetic field. 

G ,  Meixner ( h c h e n ) :  In t h ~ s  respect, we ~0.116 alscr say t h a t  the B i k  

are ,  EZS a matter of z a i r s e ,  9mctions cf state. kt, in the environment o f  

an equi l ibr im - and, in the linear theory, we are always within the environs 

of  EL^ equilibrium - $  they depend solely on T,p and on the constant parameters 

of the system. As Onsager and Casfarir have demonstrated, symmetry re lat ions  

apply also to these C2<?s; there relations are, in these cases, particularly 

simple and allow of sinple conclusions when there i s  m magnetic field pre- 

sent. They will become more complicated in the cese of a n a p e t i c  f igld.  

- S, Zusgge (f-5arhtg): xidt3r.t?_g, yort p'estlpposa - in v i e w  of t h e  t'nemo- 

d p a x i c  s t r ~ c t u x  o f  your Lheory - homgeneous systems xhenever yo'i t a l k  a b u t  
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fmctions cf s ta te .  

by pl-aetical applications7 

o r  s-h-ilzr phenomena during the deformation so t h a t  these suppositions ~511 

be no longer valid? 

To *&at extent is this rapposition actually f d f i l l e d  

I c i a  img-he thet you wSL5 have local  hsat-kg 

J. Meixner (Aachen): In  t h i s  respect, we can say the  following: It is 

always true for the case o f  acoustic relaxation t h a t  we have heat conduction, 

simply because heating and cooling alternate as to time and place. 

over,  thmst defonnations will ocmr i n  the aco9Jsti.c wave, and the viscosi ty  

wil l  a l so  play a part. Eat, the  considerations may be enlarged by including 

t'he trasprtrt phemmena e q C i c l t l y  ',ri the  eqt iatFo~ls.  

More- 

S. F?,uegge (Marburg): T h i s  means t h a t  th9 general fraae will remain pre- 

served, but you d l  obtain eddltional terns,  

t h a t  you will have additional non-linear te rns  instead of I-inear re la t ions? 

Otherwise, the concept of relaxation time would, indeed, be also  undermined! 

It does riot mean, hoverer, 

J. Heixner (Aachen): No. I have intent ional ly  restricted myself here 

t o  honogeneous systems so as not t o  complicate needlessly the presentation of 

my paper. 

phmmena can be covered by the same famalim which I have outlined f o r  t h e  

in te rna l  transformations. It w i l l  only be necessary, ts t h a t  end, b d i v i d e  

the system in to  suff ic iently small - but  not too s m a l l  - volume elements and 

to introduce, besides the in te rna l  variables cf the  individual volxme elements, 

perhaps, t h e i r  texperature as an additional bternaf variable,  

H. Eisenstein*' has d5scussed the e f fec t  of hea: conduction on the paramagnetic 

relaxation, a short t i a e  ago. 

Moreover, I would l i k e  t o  mention t h a t  t h e  itrevarsfble transfer 

- Q the way, 

5 ,  Huecke1 (FarbngILatut): N%en we do noA h ~ v e  arq~ special pvblern, then 

ws cer ta in ly  shall n o t  be able t o  say anything as "to the cleviations thzt w;ll 

*>  H. Eisenstein, P*s. Rev. 84, 548 (1951). 



have t~ be zars.sidcr96 8 s  Seing t oo  s m a l l  TOT a certafr, case? 

shall cer ta i r JJ  r ~ b t  be able to -Indl,cit,c the rarige af validi.t.,. of t h e  li~ear 

e3g2atfon a p r i o r i ?  

1 m a n  t h a t  xe  

J .  Msimer (Aachen): 140, t h a t  is a question a l l  by itself. 

in the case of chemical resct ions,  the allowable deviations 

r i u m  are re la t ive ly  small f o r  t h e  l inearized theory. 

And, e . g . ,  

from the equilib- 

E. b e c k e l  (#arhrg/Lahn): And i n  the case of  chemical reac t ions  t h a t  

take place rap id ly?  

J. Eeixner (Aachen): 

5. Ikeckel (3afcmrg/L&n): 

The reactions say have a%* vc?l,Dci'ty wkatwevsr. 

-I. m e m  reict5.ans, for -ddck the de-Jiations 

are large. 

J. Heixner (Aachen): Then, l imari ty  is not garanteed  a q ~  longer. It 

i s  possible, of  course, to fnvestigate experimentally in each case, to what 

extent the linear theory w i l l  apply, and it will then become apparent t h a t  

t h e i r  range of va l id i ty  frequently is very large.  

r e l a x a t i o n  i n  high polymers, h t  particularly to %he t ransfer  phenomena, 

t h e  linear Fourier-equatlm applies 5~ the heat. condQctance Li gases, ur.der 

Z ~ I X ~ I ~ .  e?ndltions, at least q.~p +ycr t e~pe ra t i i r e  gradients of :0,33il degrees pei 

cx . 

That applies, e. g. to t h e  

E.g., 

W. 3eywang (Karlsruhe): I .*rould l i k e  t o  pose 2 qupstion r e g a d i n g  the 

f a i h r e  of the thermodynamic theory i n  t h e  case o f  o sc i l l a t ion  problems. 

it contains only d i f f e ren t i a l  equations o f  the  first order, experimental re- 

silts with o s c i l l a t i o n s  are n o t  covered. 

E - ? m ~ e w r k ,  - i.0. 
- ths thn,e~ry nay be PPJarged, b.~t i do R o t  k m w  +to w E c h  s x t e n t  tis s:.ial,l thm 

dei;xx3 on the assm'ed model. F k i r  shal l  we 5e able to incl5t.l.. and :zT&rstand 

Since 

It i s  true t h a t ,  witEhin a modest 

by the simple adckition sA ths z.orrespond5n.g terns af iner t ia  



2 ,  Yefwier (Asehen): The ld5a of  introducing terms of  i n e r t i a  i s  rather 

obvious, since the resonance behavior of the mechanicai models o f  the relaxs- 

t i on  with e l a s t i c  springs and "dashpots" is broright about by rnoaqting masse5 

not only on the  end of the model but also  within the model i tsel f .  At this 

nonent, 1 am not yet able t o  say how the  free energy for a thermodynamic 

system with an analogous behavior i s  t o  be mderstood. Sut, it seems to me 

t h a t  it is alreedy possfbLe t o  say a f e w  th ings  a b u t  the f o r m a l i s n .  The 

accord-hg *to t h e  time, and t i e  a f f i n i t i e s  wiX. have t o  be .lef-hed n o t  by the 

derivations of  thg free engrgy a e c o x i h g  t o  t h e  intornal  variables 5 

by the  var ia t ion  derivations 

but 3.' 

It w i l l  then Se possible - i n  a nannor similar t o  Haxllton's mechanics - t;O 
i' ass2p.  canonically conjxigated variables :! ci, t o  the i n t e r n z l  var iables  5 

7 -  

6. I i e p m g  {Karlsmhe): To be nore spwific, I was concern;.?. with  e d i -  

e lec t r ic  {ferm-electric) probiem within B freqaency range, in which a pirely 

eiectrolctynmiz trea'ment t h a t  would be free o f  thermodynamics, still appeared 

ta be unjustified., but La which, due t o  the special stmature of the body 

under investigation, k t e r n a l  induct iv i t ies  could occur wfthin smaller ranges. 

I atterepted, therefore,  tQ f i t  the  terns of i n e r t i a  t h a t  described the  in- 



tr:s, n u t  f r m  t h e  thermodynamic p o k t  af view kt frort the statistic-kinetic 

Q ~ E ?  It appears t h a t  even in the case of  the p x e  relaxation, when no osc i l -  

l a t i o n  i s  present, tenus of inertia w i l l  have to be taken into account fn  

certain cases. Whea? we start  - in doing so - f r o m  the Han5ltax-function o f  

the total system, then t h e  $ f s w i l l  ke certain purposefully selected marc%- 

Rates i n  the space of conf igwst ion which, Lsgether -dth o t h m  coordinates 

zn6 -&Yn t3s car.czicdly conpqa te l  hprtlses en te r  in%c L < G Z T t ;  le 5 ea~stior., 

i 

gh-hicl.: descr i jes  t h e  p ~ 3 h k U i t . y  dr ;s t r iL-~t ior ,  in the  phase space. n -hen, r ehxa -  

ttan will mear. transmission of er,ergr frara the part ia l  s y s t m  o f  " t h e  ! 5 , ,  C4 1 ' s  

u n t o  the remaining coordinates. 

* J "  

E M ,  the pdsiary processes for s x h  energy 

transmissions are not changes of location, i,e. 

col l i s ions ,  i.e., variations o f  the 5 T ~ ,  and inasmuch a s  these are ccncerned, 

variations of the 5 ' 5 ,  but 

the inertia p l a y s  a principal part. For that masm, relaxation o f  the i s 

cell fil-st, r e p i r e  a new d i s t r i b k i o n  of tha  velocities, t h ~  a\?,jtlstm.:rt t ' 

c f  whie 1--32:! k e  .56E4g?--LteZ bs; F. "E! C3T-PI3E ?.elaxatlor! t t eor io ;  tak:  

d i  s t r i t c 4 5 0 E s  of the 5 s, and not of the S s i n t o  account, or theF corisider 

a l toge the r  only the s t a t i s t i c a l  mar .  values of the f s, and far t 5 a t  reasor,, 

they can be =sed orJy in the case of  time lapses  of t >>T* or frequencies of 

trr << I./ *. 
velocities that, when a f i e l d  that has been kept constant f5r a long t4me is 

cut o f f  swdder>j., the target, of  the chronological curve o f  t h e  cwme of d3. 

E ' s  L-SI htive ta he ~ ~ r i z o r ~ t 2 1  zt %:.:?e ?%?st nomsnt t < = T i ,  t -, C ,  2nd that 

iz x i l l  not f a l l  as it is sF-owr t u s t o ~ h r i l y .  

It results,  particulaply,  from a proper consideration of t he  

I;: an a c a h g e i s  xay, it is also 



tme tha t ,  for al ternat ing f ie lds ,  kbj-e's Function $1  - I P / S - ~  fc-51s in t h e  case 

of frecpeneies, i n  which we have . , ,P 1 ; the  f a i l u r e  cons f s t s  i n  +i ts  p r e a c a t -  

ing exaggerated losses;  this has alrea6-y pointed o u t  by F. H. ?!?~$ l l .e~ ,  among 

others  , 
*>  

(Subsequently added: Ey way of m m a r l z i n g  my comments, I want t o  paint  

out  once more tha t  the ve loc i t ies  5 wil l ,  therefore, have to be considered 

not only  i n  t h e  case of osc i l la t ion  phenomena, b u t  also in a consistent cal- 

culation of the pure rslaxation. 

*zarr,ic t reskmnt ,  t h e  kinetic energy connected therewitn wil l  have *& be 

taken k t o  a e c o m t  expiicltw). 

I assme t ha t  this means tha t ,  in a theme- 

F. 2, Ike l l e r  (l.iarb,mg/Lahn): Perhaps, w e  s h o d d  recal l  here, f i r s t  o f  

a l l  RocardTs**) calculations. 

(1913) j u s t  a s  in Einsteb's calculations for  the diffusibn, the acceleration 

In Debye's c lass ica l  paper cn dipole dispersion 

period for the movement of the  dipoles has been neglected i n  favor o f  the 

time of  the rotation i n  the  field at a constant velocity,  accordlng to Stoke's 

equation o f  f r ic t ion .  

no longer t o  the real par t  of  t h e  Debye functfor,, kt wil l  read: 

The frequency dependence f o r  8 '  will then correspond 

Racard ccrnplements the  d i f fe ren t ia l  equation f o r  the dist r ibut ion function 

by a tern of ine r t i a ,  v i z . ,  

(F 8 
dt2 

J .  

The frequency curve of E ' ( J )  is, therefore, somewhat changed i n  re la t ion to 

the hbye function - n o t  exactly, br i t  i n t o  the d i rec t im  o f  the t r ans i t i on  t o  

t he  resonance case, A t  t k ~  moment, T A do not know whethe r  t h i s  Is 6 ~ s  solely 
* >  
!:at.~raissenschaften 17, 181 (1938). 
**> Facard, M. J . ,  J. Physiqile b# 247 (1953). 

Detye, P., Phys, 2. 33, 101 (l93h); F, 9. h e l l e r ,  9rgebnisse der  exakten 
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t o  certaim s h p l i f i c a t i o n s  t ha t  a m  necessary ta scrlve the d5ffermtiaf q u a -  

tior. for f , v i z ,  , that the resoname case does not  appear e ~ s c t l y .  

not yet  3eec possible  +a confirm Racard's theory. 

free flut_Ss swt as bnzens  (V. D. Ei. Whiffen, Farad. Trans. 46, 124, 1950) 

require anottrer explamtion, in addition, even though one has attempted to 

use Racardrs calculations f o r  t h a t  purpose. 

It has 

B e n  Losses i n  dipaie- 

B. Gross (Rio de Janelm): A general af ter-effect  thsery tha t  covers 

attenuated sgstems that are capable of osc i l la t ion ,  can be carried through. 

Only, such B theory is generally not called an af ter-effect  theory az3 longer. 

E.g, I the system t h w r y  o f  e l e c t r l e  c i rcu i t s  can be redzc5.l -?A a f o m  t h a t  

thoroughly agrees b+th t h e  *~sa.f. after-effect theory.  I pmpose ta make a 

few addftional collnnents on this topic in xy paper. 

S, Fluegge (MarSurglLahn): Mr. Sack, a f t e r  a l l  we have essentially to 

60 with a generalization of  Meixner*s equation, i n  which you use an additional 

5 .  

the horizontal tangent. 

On the other  hand, you will receive a very special stateraent concerning 

Is t h i s  Eat, once morec a special model? In your 

ease, it w i l l  prcrbably always tam cut that  way, if you use the a c W t i o n d  

S 5 .  Hay I, Mr, MeixrAer, pss s  the a6rlitima? qdaztiott: t h i s  theory is hers 

t?a m c h  mare special than t he  general fonnulatior! o f  t h e  af ter-effect  theory, 

and it particlrlarly seems to result i n  the a f te r -e f fec t  theory's always being 

mono to not;s? 

3 ,  Meixner (Aachen): Not only monotonous 'cut totally-nonotunous, i.e., 

the  af ter-effect  functions cy(u>, "(u) and all their derivations f o r  all 11)s 

wfll d t f f e r  fron zem; mre precisely,  the  first h r i v a t i o n  will  be negative, 

t h e  second one w i l l  be posftt-ve, tt-ie thirrl one ~&.l again be m g a t i v e ,  etc.. 

or also, that CY('J),  P(u) . . . may be represented as sums 5r in tegra ls  over 



7 by Szck's oSjeetion? A ,  e. ~ is it passfble to describe, Zn addition, a t h e r  pro- 

cesses, -&en we use the f s i n  addition? 

J .  Xeimer (Aachen): Yes, in that case, the after-effect f w d i o n s  wil.l., 

of course, be different. 

which the general theosg happens ta f a i l ,  without the if ss then it w i l l  be a 

But ,  when we exclude the  mall time in te rva l  dulling 

matter of course that equally totally-laanotonous functions will result, x l th tn  

t he  framework of the themmdyr,m.ic reltixation thwry. 

t h a t ,  when we m k e  also use of  Seck's theory ,  we sha l l ,  o f  tmrze ,  cb ta in  

general after-effect functions t ha t ,  however, wIIL havs to contain the total ly-  

rr~notonous functions 8s a borderline case. 

I ab. of the opinion 

R, A. Sack (Liverpool): Wrt mcessarily o n l y  when the adjustment times 

of  the Boltrranann distribution with in  the velocity space are much Smaller than 

in the configuration space. 

J. Meixner (Aaehen): 

3. B. G. C a s h i r  (Sindhaven): 

That wE.1  have to be prempposed. 

In t h i s  eanns@tion, I may add t h a t  such 

a condk+,lori, vi%. ,  that one can select a t h e  that is :ang In r e l a t i a n  to 

the adjastment of  the 30ftmann CEstribertion and short in comparlsan to t h e  

time required, td achieve Ones more the s t a t e  of equflfSrium, t h a t  t h i s  i s  

always an essential condition o f  such considerations, 

in my derivation o f  the Onsager-equations that it happens to be possible o n l y  

when such a time interval can be found, i.e., therefore, wtter, tMs starting 

%-he is v e r y  &mrt fn relation ta the relaxatior. tfmes. On the  o t h e r  hand, 

1 ~ m ~ l l 2  l i k e  to ask, and t h i s  ssms *A xe scrmexkat doub t fb l ,  w h s t h r  it is 

pass5bI.e autside t, e u s w l  area, I.@, , when t he  i n ~ ~ ~ s s e  ad_iust%csr,t +,%me I s  

E , g . ,  I have stressed 

39 

I 



not sufficiently short, really to have conffdence in a purely foma'r tkeory. 

f have the feelirg tha t ,  i n  that  ease, the kin&ic procasses wi1? become so 

complisated t h a t  it appears +uo be smewhaf. doubtPilll whe'ther 8 general fanad- 

im will st i l l  do justice to WLS ease. %t, 1 fiave not seen Mr. Sack's 

papers, and it can be possible t h a t  ft sti l l  ca~. be done +yo a considerable 

extent. 

work out sa beautifully, inclusive of  the i r revers ible  themdynamics, be- 

eattse one j u s t  limits hinself to the r i g h t  area. 

cover the phenomena by a s t i l l  more general fomal i sm.  

I just happened to have the 3sapression that the thennodynamics just 

It is very d i f f i c u l t  to 

J .  E?efxr,sr (AaChen): 9Jt I  belle^^ that. KY, Sack ~ E O X S  better &st' s 

h a t ,  is, t h i s  f i e ld .  I do bel ieve,  htu'ever, t h a t  there wili be a -&der area 

-xithin whtch we shall get  along w i t h  t h i s  generalization, in tMch,  thsre- 

f o r e ,  the  5's are being used i n  addltian, ard we shall sfarply havis to look 

for that area. 

F, H. Plueller (Marbwg/Lshn): I would l i k e  to address another question 
"1 *a Xr. Meixner, that is connexted therewith: In an earlier p p g r  , he ex- 

plained that, ,for a system in which transformations Setween the v a r i o w  corn- 

ponents ox?=ir - be they of a ahen5cs'i nature or betvssn the mmbers of exec- 

t r ans  accup-ybg t 3 e  shell  - m y  QKM af  t h s e  concentrations is able to pass 

through %scil;iatingr' states. Accordingly, t he  total effect  d l  always d i s -  

appear in a totally-monotonom manner, but not every individual component or 

number of electrons occupyLng the shell unconditionally for each representa- 

tion (osc i l l a t ing  w i l l  hme &to be considered here to 5s not genuinely o s c i l -  

l a t i n g )  

J ,  Meimer (Aacken) : Yes, ??;,ai, $ s mil~thiing ent i re ly  different fron the 

Perhaps, 1 may say the f o l l a w i r ~ g  in t h t s  iro:~mctfon: resorrariee relaxation. 

* I  J. Meimsr, 2. Xaturforschg, &A, 594 (1949). 



Tfie choice of the i n t e m d  variables 5 s  n o t  unecptvocal; for ,  w h m  I have 

selected, e . g , .  the 5,'s 8s internal variables,  then i nay j-.zSt. as well t a k s  

any in33?sndent ' , i , n s ~  zonbination 3f ihe  h%err .a l  va~',aEets 8 s  a s e w  variable. 

The fr,ternal var iaX5s  nay be the  n*m,bers of oec~+@ng electrons, they may be 

the running reaction varfables, but they may also be any eorubinations of the 

internal variables which I have j u s t  cited as examples. And it becomes evi- 

dent that certain cambinatfans which I call normal variables, in analogy ta 

the  normal coordinates of an osci l latfng XecfiaTficd system, t h a t  such inte.mal. 

variables altogether w i l l  ad&& a p e n e n t i a l l y  to the equi'librl-an ~ a l n e .  

to 8 I h e a r  combbation of the m m a l  variables - t he  i n t e r n a l  \ t a r i a j i e s  

s d q t e d  to the problem in a natural  nmmr ,  s ~ c h  as occup t io r ,  figu;t.es, &e., 

w e  generally Eon-trivial combinations Df the noma3 rafriables - it may happen 

that it addjsts to the equilibrium value in an oscillating manner. 

%scillating" i s  here not s tr i c t ly  correct, because the number of the zero 

passages is finite;  actually, it is - under adiabatic conditions - smaller 
by a t  l e a s t  one, than the number af the independent internal as5at;ies. 

A 

As 

The word 

S, Ffuegge (MarSurglLahn): That comes actual ly  abolrt fn cansequence of 

the f a s t  <?at t h e  negativs sign 5s dominant in your l i nea r  combinations. 

J ,  Ee-ixner ( h e h e n ) :  I . e . ,  i f  we had 5: = e-., ( - A l t l ,  and 5 ,  = e-. , 

( - A 2 t ) ,  and if I raQw form a new internal vaeable  cl - 5 , ,  then B zero passage 

may occur for it, In this sense, a chemical equilibrium wfll n o t  have to occur 

in a certain direction, but it may go beyond the goal and reach the equilibrim 

fron behind; that i s  possible a f in i t e  nunbe? of times, 

S, F l ~ e g g e  (NarSuPgjLa5x) : C o d d  t h a t  contribute t c r  the understandir-g 

of Lieseganq's pings? 

2. Xeixner ( h e h e n ) :  That, f do.?f t  'nzw; 2 have n e w ?  given it any 

thought. 

41 



M. Xagat (Paris ) :  I wanted t o  ask Er. Heixner up to wh&ch f?eq~mr,cg." ~ a n g e  

tt.9 t k i s r r s o ~ . m i z  theory o f  the i r revers ible  pmeessas 

h t e r e s t e d  Lr-, t"e converse case, ir. =s?&ch the  o s c i l l a t i o n s  a - x  axcited bj the 

electrons,  :-*Ale %he t ranslat ion energies and the rotatior. energies a re  lkp- 

i n g  behind, e.g. i n  the case of electric discharges (plasma osci l la t fons,  o r  

similar phenomena). 

be applfe.?, I zm 

J. Mefxner (Aachen): Here, difficulties exist inasmch 8s t h e  temperature 

It is necess8r.y to dffferent i -  within the plasna is not xnequivscdly defined. 

ate  bet-deen ion temperature, gas temperature, a d  electron tezperatrrre, and 

as f a r  2 s  I box, tfie ion teTerat .ns  Is nct  def%ed ever, 

Xaxwell S s t r l b ~ t i o n .  

ar. zr.gbjcc55x-xEe 

M. Elegat (Paris) :  That is exactly the  problem. I shall f o r d a t e  qy 

qaestfan 8 s  fol lows:  

number of the  electrons,  and their  veloci t ies ,  

~ Q Y  the  "temperatureTt o f  the electron exci ta t ion and o f  the oscillations. 

T h i s  temperatare is transferred,  w3th a cer ta in  relaxation t h e ,  unto the 

ro ta t ion  m d  t rans la t ion  movement of the a t c m  and ions,  by c o l l i s i o n s ,  'dill 

it then be posstble, by mans of y e n  t hea ry ,  +uo make any statsnents r e l a t i n g  

ta the  translation and rotat ion temperatares ( o r  temperature since, as a 

matter of f a c t ,  both of them equate easi ly)?  

Let us assme tha t  I know the  axcitation functicms, t he  

To express it different ly:  I 

J. Eiehner (Aachen): I am unable to e v e  yo3 a def in i t e  reply t o  this 

question, just because of the aforenentAorm3 difficulties; it m d d  :have to 

be t r ied .  

P. E3rauer- (Yssbach 21-13 Kar'lsmhe): I wanted +a ask Mr. Fe imer  -&ethsr 

- i f  I have u n d e r & ~ o d  correct ly  - every after-effect can be re.3uee.ri *to a 

af e-Fmct3orrr As a matter of f ac t ,  "Le reduction to e - 9 m c t i - m  does not 



now, e .  g . ,  of  an opt ical  exa@.e, i n  kkI.ch the 5 ;  1 s &:ring the e l s c t r x  ?e- 

aztisrts are either the numbers of e'iectrans occupy5ng the s h e l l  o r  concentra- 

t i o n s .  

will also be involved, 

mathematically t o  replace such a fading function, i n  the presence of elementary 

reactions of a higher order, by a sum of e-functions, and to which extent 

&Il it be possible, i f  s ~ c b  a mathematical representation should be mcier- 

taker. successfally, to establ ish s connectton Setween t h e  

4. 

It w i l l  then occur very frequently that reactions o f  a higher or&er 

Xow then t o  what extent w i l l  it be possible, first, 

''gbu~~ep-SJrrStemstl? 

J ?:eim.e?- (AzsherJ : Set-mer, s2Lcb tjz Fo. i l~ lc r  q - s t e ~ . s ?  

El. 3rzasr (Kosbach and Karlsruhe): 3etween the decoRpasitien i n t o  e- 

functions and the decompositian i n t o  &Dmctions t k a t  are phys icd ly  reasonable 

re la t ion  t a  the  process. Let us assume, e.g.  that the Si-concentrations 

a re  present i n  a system w i t h  reactions of 8 higher order, and that m e  has re- 

laxation phenomena, i . e . ,  adjustment processes which also t ake  place a s  re- 

act4ons of a higher order. To what ex ten t  can a t rans i t ion  be aade, i n  this 

case, between a l i nea r  t h e o r y  t h a t  consists of a rau\.c?on nmber o f  e r t i f i c i a l  

aat?mm.ticS. cozponsnts, a 2 3  t h e  physically reasmable ttimry, wkLch xe si1611 

then r e l a t e  t o  the system of  the 2hysitally well-kmwn elementary prwesses 

t h a t  are not of the  first order. To w h z t  extent is this possible,  arid what 

does it look l a k e  f o r  sirn$e cases? 

S, Fluegge (Marburg/Lahn): 

P. Srauer (Hosbach and Karlsmhe): Both. 

J. Melxner (Aachen): 

Is this a p b g s i c d  or a ma+,henatical qcestiox? 

I do nol h o w  to what ex5ent I have *:nrlersts& yo~r 
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we are xat  near the equilibrbm then the thecry ~ 2 1 ,  of cc';rse, not 5e vaE.3. 

It W5ll then be very .liffk?At +a COF.8 to 32y sensikcle statsnerks. E.&. ' k-her: 

we fLr2 P re&r! fadir.g fhct2.cn, tha t  reazhes from a vezy l a r g e  cEst327cs irt? 

ti.9 - _- emiXitrirz... ., a:! -&ex this F ~ j c t i o n  IS r8dvlced ta e-Fuxt ions,  k'fii~1. - as 

a. matter o f  pr inciple  - can be done mathematically, then I da not b l i e r e  t h a t  

any physical statement will be contained therein. 

P. Brauer (Hosbach and Karlsruhe): I wanted to ask here a speclal Ties- 

tion: ti5m we are very close *& ar; ecpilibrium, in t h e  c8se of  pracesses or 

elementary processes t h a t  are yion-lb.eZr, as fs, e.g. , t h e  concerkration 6e- 

per.der.ce h e?.emlcal react ions o f  a ?.i,-her orv3er, the, c e r h l r ,  T . n c t ~ o n a l  con- 

n a c t 9 3 ~ s  oClll resf i t ,  e . ~ .  , tf;e velocity f.i??.ction, which w i l l .  remab ~5r-lir.es.r 

"2 a s t r l e t  mthera t i ca l  sense, even when we approach the eqi l ibr ium in a 

rar,drl.m mame r , 

J, Meixner (Aachen): Yes. 

P. 3rauer (Mosbach and KarlSNhe): L a s m c h  as this case 5 s  concerned, 

I sheuld be Yhterested what else  will then be predictable, possibly on t i e  

bas i s  of the concentration dependence of  the veloci ty  FSIC~~QE? 

2, %Lm.er [ h e h e n ) :  If y c ~  d~ rot ~appsu! t= have pat .ho~ogica? cases, 

tken t h e  llnsar t k e o r y  always apply .&thin t h e  envlrons of t h e  eql i l ib-  

r',run, 2nd At will then make no difference whether t h e  reaction is m e  of the 

first order or of a higher order, in the meaning of the chemical terminology, 

vhether it is mono-molecular or bi-molecular, etc,  ktthematicel'iy, it trill, 

of couFse, zilttzys be possibze to c o n s t r ~ c t  pathological cases, but I can 

5nagim & fa i lure  of the linear thcrulry it: t h e  eE$dmrrwt of the equilibrium 

only, xkez ei ther ,  i u i   ti-,^ development o f  t he  free energy l o r  tke 5 :  - 
",-e t e r m s  of t:?e second a d e r  are l ack ing ,  and TAen, in zccordane~. tt-erewitk., 

r 
s i o '  -4. 
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:&en we ZFFQ a t e ~ s i o r - ,  on the end o f  a doc5le-conhlctOr, tnen it w i l l  retspn 

from the  other end o n l y  af ter  a cer ta in  1 q s e  of time; this Fhenomenon repeats 

itself a t  equal tfme intervals. 

R, Feldtkeller (S tu t tgar t ) :  O f  course, tha t  is not a true relaxation 

phenomenon, 

J. Weimer (Aaehen): Eut, it i s  nevertheless an example of t i e  problem 

of  "&?ad the": for, t E s  pFobler! belongs, B S  a c l r c u i t  pmbIe3, in to  the field 

of  the af ter-effect  theoqr air3 I s  a l inear  phenornenor,. 

E. Vagt (KarSurg/Lahn): I wsnt to ask whether t h e  ferro-rwgxetic reso- 

n a m e  that  occurs a t  very high frecpencies, when the * v 0  i s  detemined lq the  

Lamor frequemy and when the fom of the curve of resonance depends, a s  fa r  

as I b o w ,  on the energy transmission, may be considered an example far  the 

resanance relaxatiar, as described by 5. Eeixner. I n  t h a t  ease, t h e  c w v e  is 

neasJrec! n o t  by t h e  variat ion o f  the freqdeney but by the variatlor: o f  the 

nagEe2j.c f i e i d .  Here, we find al.9 E re laxat ion +i+_me* 3rd I want +tc ask 

whether t h i s  is an example? (This :mild be m. exantple t h a t  would be andlogous 

to the  case of nuclear resonance, as ?Iscussed in  Kmeger's paper). 

A t  the moment, I am xn.ab3.e to t e l l  you this. J. Xeixner (Azchen): 

H. Kneser (Stut tgar t ) :  What does ax absorption curve o r  attenuation 

curve as B fimction of  the frequency f o r  the case of the "rescrnance relaxa- 

tior," ?.oak ILke? Certabfy,  essent ia l ly  like a. ardinaq.7 resonance curve 



L 

- F. 3. Wsl ler  (Harb~x-g/Latm)t (sdmqumtly): In the case of csnsider- 

able attenuation, t he  dlffeyence fron: the czse of a n ~ ~ n a l  d i s p r s i o n  !s, as 

a natter of f a ~ t ,  Tr3yjc mzill. 

: ,, , ," 

'j?ler- we plot t h e  redzeec! a t t e r x a t l o n  against 

ill cj .T i'l ~ - - r J 4  = freq:ency a f  the rnaximm) 
IT 

then it W i l l  becane zipparefit that the curves of  the msonmce case art3 steeper 

than the ones of the case of a single relzxation t h e ,  according to the  Debye- 

function (Fig,  1). 

more pointed and higher and higher. 

c ~ r v e  of the real part will become a ssrper;tfne l h e ,  suck; as it is ' ~ i w n  as 

typical for the 5:me of the  r e f x c t i v e  5ndex over a resonance p z l n Z t ,  5- t h e  

c ise  3f 5 6 L s S h ~ t  r'esorm.ce ~iro=mei 2 poirit, of gr&v%+,Lr of srI eigez-freqLency, 

the ressnw-ce charzcter can be recognized with cer ta inty only by the  r e d  part; 

the bell-shaped curve of the ettemetion rnsy be j ~ s t  a s  f l a t  or f l a t t e r  t'nzn 

t i e  Debye-function indicates. But ,  a steeper cumre for anomaloils absorption 

would also have to occur i n  Sack's case, 

As the atternration decreases, the curves becams more and 

Analagously, the  momt.onous domward 

,-,, ,Rescnanzfo!l 1) 
,,- I~ -A<;, De;ye-fUll ..i) 

-4 -2 0 2 4 - : n w r  

i 
I 
i 
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Theye is, by the way, an essential ciifference f r o m  The resonarice case 

aqd from mcmelo~s dispersion imsmch as the behavior of the t e z p r a k r e  is 

csneemed, even tholrgh t h e  o ~ t l i n e  drawn try FrcehM.cn 

an idea: borderline cese, 

l y  always anonalous, the increase as w e l l  as t h e  decrease of  the naxhnm 

occurs when the frequency increases. An explanatton is not yet available. 

In the  dielectric case, suggestions o f  resonance i n  dipole dispersion have 

always turned out to be simulated e f fec ts  of the apparatus, up +a tbi is  tThe. 

( I r ickct ivi t ies  of the condenser feed l ines  ha6 not been taken ink considera- 

* >  f - .  j h i g .  2: reFressnts 

In high polymers, where the dispersion is certain- 

t i o n ,  etc. > *  

- 
\ -  5. Gene!<e'i [ ~ a c h e ~ ; :  -2 fonr;i;la ~ L O ?  on p2ge I: of y m r  papert ;rea mite 

a t?:.eorem of inecpalities and you also eqzessly a&t  the equality, 

widersbnd this correct ly ,  v b . ,  t h a t  relaxation spectrum 2nd retardation 

spectrum will become ident ica l  in the case of equality? 

are  the  two spectra equal? Kuhn has used cer ta in  experimental findings and 

has derived a dist r ibut ior .  of s ~ c h  a %me that relaxation phenomena a d  re- 

tardat ion phenomena x-isill become equd. In my opinion, t h a t  would l e a d  h e x  

t o  the  r e s d t  t h a t  the signs of eqwli t j j  ell gp~;:y t~ j o a r  tkeorem. 

l a t i o n  I s  by- na ~-,ear,s always val id ,  txt st i l l  a?plies +& a sif,ti:lent ntunSer 

of cases, very roughly to sone 509 of then. 

to use the case of equality as a base that o c c u s  sufficiently often, and t o  

consider the other cases by as'kirg t h e  question: what does the  ineqzallty 

mean, znd what shall I have t o  ECJ t o  t h e  fomxlae so as to o b t a i n  the in- 

b Z 

Under w h a t  conditions 

T M s  re- 

It would, therefore,  be possible 

equality? 



o c w r  of necessity in the retardation spectrum. 

&to indicate,  i n  regard t o  each relaxation time or t o  each retardation time, 

how stmng its effect is, i.e,, which are  the coeff ic ients  of the  d9velopmen.t 

But, it will be r,ecesssry 

2.  Gross (Rio de Janeiro): Relaxation spectrum and retardat ion vectrum 

will never be strfctly identical, mathematically (even when we apply Kdm's 

szf f ic ien t  precision, but only cer tain appr;slxTb.ations. Consequently, even 

when the s t r i c t  relaxation spectrtun is di f fe ren t  f r o m  the  strict retardation 

S p e c t m ,  it may occur, nevertheless, t h a t  the  appro*at7kns for the  two 

spectra 7% t h e  first order wXI be ecpal .  Ir, this case, the equality hzs 

3 r e  c i 55.03. 
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E, Jenckel (Aachen): That is possible, but th& exLSt* experLmm-%Ily, 

a considerable rrmber of cas95 rlrr vhich the spectra are e lear ly  dlfl"ererit. 

R, Fe ld tke i l e r  { s tu t tga r t ) :  It is possible to say in a v e r j .  gsnera l  m y  

t !a% the  relaxation speetnrm and the  retardation s e c t m  are equal, tu a 

reasoxable degree of precisian, when the unrefaxed elongatiori  and the refaxed 

elongation differ but s l tgh t ly .  

E. Jenckel (Aachen): That agrees also quite thoroughly w5th the experi- 

mental experience. 


